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One-Step Piecewise Polynomial Multiple 
Collocation Methods for Initial Value Problems 

By J. P. Hennart 

Abstract. New methods are proposed for the numerical solution of systems of first- 

order differential equations. On each subinterval of a given mesh of size h, a poly- 

nomial of degree I is constructed, its parameters being determined by a multiple col- 

location technique. The resulting piecewise polynomial approximation is of order 

O(hl+l) at the mesh points and between them. In addition, the jth derivatives of the 

approximation on each subinterval provide approximations of order O(hl+l ), j = 

1, . . ., 1. Some of the methods proposed are shown to be A-stable or even strongly 

A-stable. 

1. Introduction. Recently, "semidiscrete" Galerkin techniques have received 
considerable attention for the approximate solution of evolution equations. See, for 
example, [25], [10], [24], [12]. When the space variables have been integrated out, 
one typically has to solve a system of nonlinear differential equations. Since the space 
basis functions are usually taken of the finite element type, i.e. they are piecewise 
polynomials with local support, a more comprehensive treatment would be achieved 
by approximating the time behavior also by piecewise polynomials, in order to get a 
fully piecewise polynomial approximation. 

In this paper, we develop new one-step methods for systems of nonlinear first- 
order ordinary differential equations. Our basic idea is to find local lth degree poly- 
nomial approximations on each subinterval of a given mesh, the free parameters being 
determined by a multiple collocation technique based on the two-point Taylor interpo- 
lation formula. The resulting approximations are piecewise-continuous and, when com- 

bined with "semidiscrete" Galerkin methods, they provide fully piecewise-continuous 
approximations to initial-boundary value problems. Earlier uses of piecewise polyno- 
mials for systems of ODE's may be found in [21], [22], [29], [16], [7], [17], [18], 
[6], [1], [2]. Finite elements in space and time have been proposed in [23], [3], 

[30], [31], [5], [20], [27]. 
In Section 2, we introduce our multiple collocation techniques. Section 3 is 

devoted to the derivation of order of convergence results. Section 4 examines the 
stability properties of the proposed schemes while Section 5 exhibits some numerical 
results. Preliminary results have been reported in [13] and [14]. In our presentation, 
we shall follow [17], [18] because of the similarity in the methods. The novelty in 

our schemes is that, instead of collocating at distinct abscissas in each subinterval as in 
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[17], [18], we allow the collocation points to coalesce at both ends of the subinterval, 

providing multiple collocation at the meshpoints. After this work was completed, a 

manuscript by J. Descloux and N. Nassif, in which similar methods are developed in- 

dependently, has been brought to our attention (N. Nassif, personal communication, 
1975). 

2. Piecewise Polynomial Multiple Collocation Methods. Let us consider the solu- 

tion of the following nonlinear first-order differential equation 

(1) Y'(t) = f(Y(t), t), t E [to) tNI 

subject to the initial condition 

(2) Y(O) = YO. 

Although a single equation is considered, the methods and theorems which will be 

presented carry over to systems of first-order equations. We assume that f(Y, t) is of 

class Ck, k > 0, over R x [to, tNI so that the exact solution Y(t) E Ck+ 1 [to, tN] . 

Moreover f and some of its derivatives (as we shall see later) are supposed to satisfy a 

Lipschitz condition over the same domain. 
For the sake of simplicity, let H: t, = ih, i = 0,. . . , N, be a uniform mesh of 

meshsize h, although a variable mesh H could have been considered without affecting 

our arguments. Then, over each subinterval of H, we may approximate Y(t) by a 

polynomial Yp q(t) of degree 1 (1 > 0) 

(3) Y(t) - Yp,q(t), t EE [ti, ti+ l ], i = O,. * * * N - 1, 

uniquely and completely determined by (I + 1) parameters which are its value and its 

successive derivatives up to order (p - 1) at t = ti (if p > 0) and up to order (q - 1) 

att=ti+1 (ifq>O),withp+q=l1+ ,p,q>O. Actually,wehave 

q-1~ B (t - t rP-1 AS(t 
- t,)s 

(4) Yp, q (t) =(t _tif Am r 
r 

i+ 1) +- (t _ ti+ 1 )q E: -( S! 
r=o s0O 

with 

(5) A =- P; 
s dts (t - t,+ )q t= t 

and 

dr |Yp, q t) 
(6) r dtr t - tif t=ti+I 

Equation (4) is a trivial extension of the two-point Taylor formula [8, p. 37]. The 

parameters As and Br given by Eqs. (5) and (6) are linear combinations of the succes- 

sive derivatives of Yp, q(t) at t = ti and ti+ 1 These derivatives may be eliminated at 
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both ends of the interval by multiple collocation using the original Eq. (1), namely 

(7) p~sq i = f-) ( Yp, q Qd, td), S = 1, . .., I P I (with p > 2), 

and 

(8) yr) (t.+1) f (r- )(Ypq(ti+i), t1 ), r = 1, . . . , q - 1 (with q > 2). 

This is only possible if f is smooth enough, i.e. if k > max(p, q) - 2. This condition 
might seem somewhat restrictive: actually, it is sufficient that it be satisfied in a piece- 
wise sense and in particular over each subinterval of ir, which is much less restrictive. 
As a consequence of the collocation conditions (7) and (8), there remain at most two 
parameters in the expression (4) of Ypq(t), namely Y =+ 1Yp,q(ti+ 1) and (eventually) 
Yp q(t): indeed, for reasons that will be explained later, we shall usually restrict our- 
selves to the cases q = p, q = p + 1 or q = p + 2 so that Yp q(ti) will appear expli- 
citly in the expression of Yp q(t) except for 1 = 0, p = 0, q = 1 and 1 = 1, p = 0, 
q = 2. If Yp q(ti) appears explicitly, its value Y1 is known either from the initial con- 
dition (i = 0) or from integration over the previous interval [til, ti], i = 1, ... I 
N - 1, while Yi+ 1 is obtained by integration of Eq. (1) over [ti, ti+ l 

(9) Yi+ 1 = Yi + f dtf(Yp q(t), t), i = O. . . .N- I, 

where Ypq(t) = Yp,q(Yi, Yi+ t). 
To obtain a computational form of (9), it is necessary to perform a numerical 

quadrature, unless the integral may be evaluated analytically. In general, we shall use 
an n-point quadrature formula of the form: 

rti+ 1 n +) 
(10) 1 A(Yp q(t), t)dt _ h E Wjf(Ypq(Tij), rj) + O(hm ) 

1 j=1 

(11) rij=ti?+jh, I 1, . . . In, 

where w; and 0, are weights and abscissae for [0, 1]. No matter what quadrature 
formula we choose, it should be accurate enough, i.e. in general k > m > 1. As a re- 
sult, (9) becomes a nonlinear equation in the only unknown Y1+ 1. 

n 
(12) Yi+1 = Yi + h E Wjf(Ypq(ij) Iij)I 

1= 1 

since Ypq(rij) is a function of Y1 and Y1+ 1 only. (12) defines thus a class of discrete 
one-step integration methods depending on which quadrature formula is used. 

The existence of a unique solution to (12) is guaranteed for h sufficiently small 

by the following argument. First of all, 
n 

I Yi+1 - Y7*+ 1 h |3 wj(f(Yp q(Tij) Trij) f(Yp*q(Tij), rij)) 
j= 1 

(13) n 
?hL E IwjIIYpq(rij) - Y*,q (rij)I 

j=1 

where L is the Lipschitz constant for f over R x [tow tNI. 
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Let us rewrite (4) as 
q-1 p-i 

(14) Ypq = x: Prq(t)yjr)(ti+l) ? E Q2p q(t)Y)(t.) 
r=O 0s=Opq 

where P q(t) and pq(t) E P1. Similarly, 

q-1 p-i 
Y~q(t) = IE Pr,q(t)Yp* () (tij1) + 1 Qpq(t)Y + (tj) 

r=0 s=0 

so that 

q-1 

* ( ) E r (t)(y(r) (ti+ 1-y*(r (ti+1) 
r=0 

and 

q-1 
I q - Yi q(Tjj)l S I IPp, q(Tij)I I p,(ti+ - q 

r= 0 
(15) 

s (io+ ? PrLr)IYi+i -yi*+ 1 
\r=l ! 

with 

(16) max Pq(t)l r= , . . .q 
te[tti+ p 

1] 

while Lr is the Lipschitz constant (supposed to exist) for f(r-l) over R x [t0, tNI 

with in particular L1 -L. Using (15), (13) becomes 

IYj+ - Y,+II hL( , I) ( ? Z PrL ) I Yi+ I - h7+ II , 

so that the right side of (12) appears to be a contraction mapping on R when 

h <ho IL( 1W ) (O ? , PrLr)} 

A successive substitution iteration would consequently converge to the unique solu- 
tion of (12). However, we should mention that for practical purposes a Newton- 
Raphson type technique would be much more efficient in presence of large Lipschitz 
constants, i.e. for stiff equations. 

3. Orders of Convergence. In this section, discrete and continuous error bounds 
are derived for the methods developed hereinabove. Discrete error bounds are ob- 
tained from Henrici's theory of discrete one-step methods [15, Chapter 2]. Contin- 
uous error bounds are then obtained from the discrete ones. 

First of all, in order for Henrici's theory to apply, we must show that the in- 
crement function h x 71i Wjf(Yp q(Tj), Sr1) is Lipschitz continuous with respect to 

Yi over R x [t0, tNI. This can be easily done by repeating the argument given at 

the end of Section 2 with Y1 instead of Yj+ 1 . 
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Then, we may prove 
THEOREM 1. Assume that f(Y, t) is of class Ck, k > 1, over R x [to, tN], and 

let the multiple collocation method be defined as in Section 2 for some polynomials 
Yp q(t) of degree 1. Then, there exists a constant C such that 

(17) I Y(ti) - Yil I Ch 1+ , i = O. . . . ,N. 

Proof We shall follow the same general method of proof as for Theorems 1 of 
[17], [18], except that we define the local truncation error differently, thereby cor- 
recting a technical error that exists in Hulme's proofs of the order of convergence of 
his methods, although his conclusions are correct. Indeed, the local truncation error is 
defined by 

cti+li n 
Ti = i f(Y(t), t) dt - h Ei Wjf (Ypq (Tij) I1ij) 

where in the last term Yj Y(ti). Thus, 

Ti =f + f(Y(t), t)dt -f f(Yp q(t), t)dt 

+?f f(Yp q(t), t)dt - h 
E WI f(Yp, q (rij) 'r), 

and 

(18) T1i I f fi (f(Y(t), t) f(Yp q(t), t))dt +O(hm+2), 

in virtue of (10). Moreover, 

rti+ 1 

Ji MA I(~t t) - f(Yp q (t) It)) dt 

rti+ 1 ti+ l 
< Ji If(Y(t), t) - f(Yp q (t) It) I dt < LIt | Y(t) - Yp, q (t) I dt. 

To analyze this term, let us make use of the fact that whenever f is independent of 
Y and f E P,-1, the exact solution Y E 

P, and Y(t) Yp q(t) over any interval. This 
follows because the quadrature (10) is exact for polynomials of degree m > 1 so that 

Y(ti+ 1) = Y+ 1 if Y(ti) = Yi. Over each interval Y(t) and Ypq(t) are thus polyno- 
mials of degree 1 satisfying the same interpolation conditions (7) and (8). By unique- 
ness, they are consequently equivalent, so that L(Y) Y(t) - Ypq(t) is a linear func- 
tional of Y, equal to zero for all polynomials of degree 1. It is a straightforward ap- 
plication of the Peano kernel theorem [8] that 

L(Y) L | Y11+ l1)(x)(t - x)+ dx, 

where 

((t - x) t A x, 
(t -- x)l+ =-( 

+ - 
0, t <x, 
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and Lt means the linear functional L applied to the expression 
ti+ 1 

Y(l+ ')(x)(t - x)+ dx, 

considered as a function of t. As a consequence, 

(19)~~~~~~1 IY(t) Y ~(t) lL?[1 < ] Cih I+ 

where Ci is some constant depending on 11 y(l+ 1 ) IIL ? ti ti+ 1 1and 

ti + 1I Y(t) - Yp, q (t) Id t 

is thus of O(hl'2). From (18) and (19), Jri j S Chl'2, where we used the fact that 
m > 1. The bound (17) follows immediately from Henrici's Theorem 2.2 [15]. Q. E. D. 

Continuous error bounds are given by 
THEOREM 2. With the hypotheses of Theorem 1, there exist constants C,, j = 

0, ... , 1, such that 

(20) 1I Y(j)(t) - Y( !i(t) IIL?[ t <t+ 1 Cjh ''. 

Proof. Using the same two-point Taylor interpolation formula (4) for Y(t) as for 
Yp q(t), we have 

q-1 p-i 
(2 1) Y(t)= Pr q(t)y(r)(ti)+ QqtY )()Rl), t [iti] 

r= 0s=O 

where R,(t) = O(h'+ i)* Subtracting (14) from (21), we get 
q-1 

IY(t)- Yp, q (t)I S E 'Pr, q(t) 1 1 
y(r)(ti+l) y(r) (t.~ 

r= 0 

p-l 

? Z; IQsq(t)l Iy(s)(ti) - Y(s) (0)I + O(hl+ 1) 

(22) / q-1 
((0?+ E PrLr lY(ti+l)- Yi+l 

\r=l1 

? QO + E QrLr) I Y(t) - YI + 0(h'+ 
1 

where Lr is again the Lipschitz constant for f(r-1) over R x [to, tN] Pr is given by 
(16) and Qs is defined similarly by 

Q= max IQq(t)I, s=0,.. .,p-1. 
tE [ ti, ti+ 1 ] 

The bound (20) for j = 0 is then a direct consequence from (19) and (22). For j # 
0, let us differentiate (14) and (21) j times before subtracting; using R(j)(t) = 

O(hl+ 11), we get 
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p, q ,q pq i+ 
r=O 

q-1 

+ E lr(i)(q l Y(s)(t j) - Y(S) (t.) I 
s=0 

+O(h1+'-), j=1,...,1. 

A similar argument to the one given hereinabove leads directly to the bounds (20) for 

j # 0. Q.E.D. 
Except for the approximations p = 0, q = 1 and p = 0, q = 2 for which 

Yp q(ti) does not appear explicity in (4) and is therefore not necessarily equal to Y1, 

the approximation Yp q(t) of Y(t) is continuous over [to, tN] and we have: 

THEOREM 3. With the hypotheses of Theorem 1 and if p > 1 there exists a con- 

stant C such that 

(23) 11 YAt) - Yp, q W 1 L ?to tN I< CY + 

Proof The bound (23) follows directly from Theorem 2 and the fact that 

Yp, q (t) is Co [tow tNI . Q.E.D. 

4. Stability Properties. When applied to the test equation Y' = XY, the methods 

of Section 2 give 

(24) Yi+ 1 = Rpq(hX)Yi, 

with Rpq(hX) = Pp(hX)/Qq(hX), Pp(,) and Qq(II) being polynomials in p of degree p 

and q respectively, with constant coefficients. This follows directly from the observa- 

tion that the collocation conditions (7) and (8) become 

Yp(tq) 
- XSYp q(ti), s = 1, . . .,p - 1 (with p > 2), 

and 

Yprq(ti+r) = Xrypq(ti+i), r-s, . . ., q-1 (with q > 2). 

Since the method is of order 1 + 1, 

Rpq(hX) = ehX + 0(hl+2). 

Hence Rpq(P) is the (q, p) entry of the table of Pade approximants to el, namely 

[19] 

Rpq(I) = (A, ak/ / E blI ) 

with 

(p + q - k)! p! 
ak = 

( + q)! k! (p -k)! 
and 
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bi 1)I (p ?q -1!q! 
b (-) (p + q)! 1! (q - 1)! 

Following Dahiquist [9], a method is called A-stable if all its solutions tend to 
zero, as i oo, when it is applied with fixed positive h to the test equation Y' = XY, 
where X is any complex constant with negative real part. For the one-step methods 
(24), this implies 

(25) IRpqI)I - 1, Vp complex with ReOu) ? 0. 

If, moreover, IRpq(P)l -- 0 as Re(j) - - 00, the one-step method considered is 
strongly A-stable; such a method should be particularly effective for stiff systems of 
equations since rapidly decaying components of the solution will be represented by 
rapidly decaying components in the approximate solution for any h. If (25) is valid 
only for I arg(-X)I < at, at E [0, ir/2], then the corresponding method is called A(a)- 
stable [28] , A(ir/2)-stability being equivalent to A-stability. For many space discretized 
parabolic problems, the eigenvalues of the Jacobian matrix are real negative: in this 
case, A(O)-stability is quite sufficient. In [26], Varga has shown that all the Pade ap- 
proximants to exp(ii) with q > p give rise to A(O)-stable one-step schemes. That the 
diagonal (p = q) Pade approximants to exp(ii) provide A-stable schemes was proved by 
Birkhoff and Varga [4]. Later on, Ehle [11] has shown that the Pade approximants 
to exp(ii) with q = p + 1 and q = p + 2 lead to strongly A-stable schemes. Ehle has 
exhibited moreover some Pade approximants with q = p + 3 which do not satisfy con- 
dition (25) and do not lead therefore to A-stable schemes. 

All the schemes developed hereinabove are thus A-stable for q = p, p + 1 or 
p + 2. If q = p + 1 or p + 2, they are moreover strongly A-stable and should there- 
fore be preferred in the case of stiff systems of differential equations. This was shown 
in a previous work [13] for the nuclear reactor point and space kinetics equations. 

5. Numerical Experiments. In this section, we give numerical results for some 
sample problems. First of all, we considered the case of a single equation: 

(26) Y'(t) = Y - 2t/Y, Y(O) = 1, Y(t) = (2t + 1)?2, t E [0, 1], 

computed with some methods of Section 1, namely the simplest ones for which no 
derivatives of f are to be evaluated, i.e. p, q ? 2, using moreover a three-point Gauss- 
Legendre quadrature formula in (12). Table 1 exhibits the discrete error norms 

(27) Ile(t; h) 11' = max ' I e(ti; h) I 

for h 1/2N, N = 1,.. . , 6, with e(ti; h) = Y(ti) - Yj, as well as the computed orders 
of convergence (in parentheses) 

(2 8) =log[Ile(t; hl)II'/I1e(t; h2)I] ) ? ] 
(28) ~~~~~~~log(hl/h2) 

I 

based on successive meshsizes hi and h2. The nonlinear equations (12) were solved by 
successive substitution at each step [ti, ti+1 ] until Yi 1 satisfied a relative error toler- 

ance 10-11. 
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Next, we considered the system: 

(29) Y1(t) = Y1Y2, Y1(O) = 1, Y1(t) = exp(t), 

Y2(t) = -1/Y1, Y2(0) = 1, Y2(t) = exp(-t). 

Tables 2 and 3 exhibit the discrete error norms and the computed orders of convergence 
for Y1 and Y2, respectively. 

Acknowledgment. The author would like to express his indebtedness to the 
"Sub-Direccion de Computacion" of the "Secretaria de Educacion Puiblica" for the com- 
puting service which they have provided. He is also quite grateful to one of the refer- 
ees, whose comments helped to improve the presentation of the paper. 

Centro de Investigaci6n en Matematicas Aplicadas y en Sistemas 
Universidad Nacional Aut6noma de Mexico 
Apartado Postal 20-726, Mexico 20, D. F., Mdxico 

1. G. D. ANDRIA, G. D. BYRNE & D. R. HILL, "Natural spline block implicit methods," 
BIT, v. 13, 1973, pp. 131-144. MR 48 #1468. 

2. G. D. ANDRIA, G. D. BYRNE & D. R. HILL, "Integration formulas and schemes based 
on g-splines," Math. Comp., v. 27, 1973, pp. 831-838; addendum, ibid., microfiche supplement 
Al-C4. MR 49 #4219. 

3. J. H. ARGYRIS & D. W. SCHARPF, "Finite elements in time and space," J. Royal Aero- 
nautical Soc., v. 73, 1969, pp. 1041-1044. 

4. G. BIRKHOFF & R. S. VARGA, "Discretization errors for well-set Cauchy problems. I," 
J. Math. and Phys., v. 44, 1965, pp. 1-23. MR 31 #4189. 

5. J. C. BRUCH & G. ZYVOLOSKI, "Finite element solution of unsteady and unsaturated 
flow in porous media," The Mathematics of Finite Elements and Applications, J. R. Whiteman (Ed- 
itor), Academic Press, London and New York, 1973, pp. 201-211. 

6. G. D. BYRNE & D. N. H. CHI, "Linear multistep formulas based on g-splines," SIAM J. 
Numer. Anal., v. 9, 1972, pp. 316-324. MR 46 #10207. 

7. E. D. CALLENDER, "Single step methods and low order splines for solutions of ordinary 
differential equations," SIAM J. Numer. Anal., v. 8, 1971, pp. 61-66. MR 47 #4446. 

8. P. J. DAVIS, Interpolation and Approximation, Blaisdell, New York, 1965. 
9. G. G. DAHLQUIST, "A special stability problem for linear multistep methods," BIT, v. 3, 

1963, pp. 27-43. MR 30 #715. 
10. J. DOUGLAS, JR. & T. DUPONT, "Galerkin methods for parabolic equations", SIAM J. 

Numer. Anal., v. 7, 1970, pp. 575-626. MR 43 #2863. 
11. B. L. EHLE, "A-stable methods and Pade approximations to the exponential," SIAM J. 

Math. Anal., v. 4, 1973, pp. 671-680. MR 48 #10119. 
12. G. FIX & N. NASSIF, "On finite element approximations to time-dependent problems," 

Numer. Math., v. 19, 1972, pp. 127-135. MR 46 #10218. 
13. J. P. HENNART, "Piecewise polynomials for point and space kinetics with variable re- 

activity," Trans. Amer. Nuclear Soc., v. 19, 1974, pp. 179-180. 
14. J. P. HENNART, "Piecewise polynomial multiple collocation methods for initial value 

problems," Notas de Matematica y Simposia, v. 2, Sociedad Matematica Mexicana. (To appear.) 
15. P. HENRICI, Discrete Variable Methods in Ordinary Differential Equations, Wiley, New 

York, 1962. MR 24 #B1772. 
16. B. L. HULME, "Piecewise polynomial Taylor methods for initial value problems," Nu- 

mer. Math., v. 17, 1971, pp. 367-381. MR 45 #8002. 
17. B. L. HULME, "One-step piecewise polynomial Galerkin methods for initial value prob- 

lems," Math. Comp., v. 26, 1972, pp. 415-426. MR 47 #9834. 
18. B. L. HULME, "Discrete Galerkin and related one-step methods for ordinary differential 

equations," Math. Comp., v. 26, 1972, pp. 881-891. MR 47 #4448. 
19. P. M. HUMMEL & C. L. SEEBECK, JR.,"A generalization of Taylor's expansion," Amer. 

Math. Monthly, v. 56, 1949, pp. 243-247. MR 10, 516. 
20. C. M. KANG & K. F. HANSEN, "Finite element methods for reactor analysis," Nuclear 

Sci. and Engrg., v. 51, 1973, pp. 456-495. 



36 J. P. HENNART 

21. F. R. LOSCALZO & T. D. TALBOT, "Spline function approximations for solutions of 
ordinary differential equations," SIAM J. Numer. Anal., v. 4, 1967, pp. 433-445. MR 36 #4808. 

22. F. R. LOSCALZO, "An introduction to the application of spline functions to initial 
value problems," Theory and Applications of Spline Functions (Proc. Seminar, Math. Res. Center, 
Univ. of Wisconsin, 1968), T.N.E. Greville (Editor), Academic Press, New York, 1969, pp. 37-64. 
MR 39 #2334. 

23. J. T. ODEN, "A general theory of finite elements. Part II, Applications," Internat. J. 
Numer. Methods Engrg., v. 1, 1969, pp. 247-259. 

24. H. S. PRICE & R. S. VARGA, "Error bounds for semidiscrete Galerkin approximations 
of parabolic problems with applications to petroleum reservoir mechanics," Numerical Solutions of 
Field Problems in Continuum Physics (Proc. Sympos. Appl. Math., Durham, N. C., 1968), G. Birk- 
hoff and R. S. Varga (Editors), SIAM-AMS Proc., Vol. II, Amer. Math. Soc., Providence, R. I., 1970, 
pp. 74-94. MR 42 #1358. 

25. B. SWARTZ & B. WENDROFF, "Generalized finite-difference schemes," Math. Comp., 
v. 23, 1969, pp. 37-49. MR 39 #1125. 

26. R. S. VARGA, "On higher order stable implicit methods for solving parabolic partial 
differential equations," J. Math. and Phys., v. 40, 1961, pp. 220-231. MR 25 #3613. 

27. G. WARZEE, "Finite element analysis of transient heat conduction. Application of the 
weighted residual process," Comput. Methods Appl. Mech. Engrg., v. 3, 1974, pp. 255-268. 

28. 0. B. WIDLUND, "A note on unconditionally stable linear multistep methods," BIT, 
v. 7, 1967, pp. 65-70. MR 35 #6373. 

29. H. A. WRIGHT, "Some relationship between implicit Runge-Kutta, collocation and 
Lanczos T methods, and their stability properties," BIT, v. 10, 1970, pp. 217-227. 

30. 0. C. ZIENKIEWICZ & C. J. PAREKH, "Transient field problems two and three dimen- 
sional analysis by isoparametric finite elements," Internat. J. Numer. Methods Engrg., v. 2, 1970, 
pp. 61-71. 

31. 0. C. ZIENKIEWICZ, The Finite Element Method in Engineering Science, McGraw-Hill, 
London and New York, 1971. MR 47 #4518. 


	Cit r48_c52: 


